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Abstract: We consider general theories of a massive spin-2 particle h^ on a Minkowski back- 
ground. A decomposition of h^ in terms of helicity eigenstates allows us to directly test whether any 
given theory possesses a consistent description as a massive spin-2 representation of the Poincare 
l/"~) , group. We demonstrate (i) that any nonlinear theory with an Einsteinian derivative structure 

either contains ghosts or does not describe a weakly coupled spin-2 and (ii) that there exists a two- 
parameter family of non-Einsteinian cubic self-interactions which constitute a ghost-free massive 
spin-2 theory. 
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1 Introduction 

The search for viable theories of massive gravity has proven to be very difficult. Massive gravity 
as the theory of an interaction mediated by a massive spin-2 field must necessarily propagate five 
degrees of freedom (DOF), namely its five polarizations. While this fixes the mass term uniquely 
on the linear level to the Fierz-Pauli form [1], it also introduces immediate troubles. When taking 
the massless limit of the theory, the additional graviton polarizations do not generically decouple. 
As a consequence, predictions of any massive gravity theory in a first linear approximation differ 
from massless general relativity (GR) by numerical factors [2]. However, it has been pointed out 
in [3] that this so-called van Dam-Veltman-Zakharov (vDVZ) discontinuity may disappear when 
correctly taking nonlincarities into account, with nonlincarities growing with decreasing graviton 
mass as to -4 . Later, in [4] this nonperturbativcly continuous behavior has been demonstrated for 
a specific model of massive gravity. 

The question of instabilities in nonlinear theories of massive gravity has been addressed in 
many works. Boulware and Deser [5] proved the inevitable appearance of the sixth polarization of 
the graviton as a ghost-like state in a wide class of models through a Hamiltonian formalism. On 
the level of the action, the appearance of a six-derivative cubic term in the helicity-0 component 
in Einstein gravity with a Fierz-Pauli mass term has been shown in [4] in terms of the leading 
singularity of the graviton vertex, and in terms of Stiickclbcrg fields in [6]. Both in [6, 7] it was 
proven that one may cancel such operators by appropriately adding non-derivative interactions to 
the action. However, it remained unsettled if other operators could spoil the stability of the theory. 
Since then, several other works have tried to construct manifestly stable theories of a single massive 
graviton ([8, 9] and references therein). Recently, [10] suggested that one may formulate nonlinear 
theories containing the Fierz-Pauli mass term, which, on the full nonlinear level, were found to 
describe the correct number of degrees of freedom in [11]. Others have argued that generic theories 
of massive gravity contain problems such as ghosts or superluminality [12, 13]. While the latter is 
beyond the scope of this work, we will confirm findings on the ghost problem in massive gravity. 



We will demonstrate that an expansion of nonlinear Ficrz-Pauli models in terms of a weakly 
coupled massive spin-2 field inevitably leads to inconsistencies. We consider theories which are 
Poincare invariant, local and weakly coupled in at least some energy interval where they describe a 
single propagating massive spin-2 particle, h^ Vl on a Minkowski background. They can be expressed 
in terms of polynomial interactions of a local Lagrangian. For a stability analysis, it is important to 
realize that ghost-type instabilities are relevant on arbitrarily short timescales: While tachyonic in- 
stabilities arise for momenta lower than the tachyonic mass mtach and contain an intrinsic timescale 
t = 1/mtach) ghosts are UV instabilities. Their intrinsic timescale is t = 1/E, which is only limited 
by an effective field theory (EFT) cutoff A. It is therefore justified to test the system for instabili- 
ties at momenta m <^ E <^ A. This gives a straightforward prescription for a stability analysis in 
terms of representations of the Poincare group. At very high energies, E 3> to, the massive spin-2 
representation of the Poincare group decomposes into the direct sum of irreducible helicity repre- 
sentations. In other words, the ratio of mass and energy to/ E parametrizes the mixing between 
helicity eigenstates. For sufficiently large E, this mixing becomes negligible, helicity eigenstates 
decouple on a linear level and constitute a unique description of the system. As we only consider 
weakly coupled theories, we can capture all relevant physics by decomposing h^ v linearly into its 
helicities. Any inconsistencies found in these states inevitably indicate (i) ghost-like instabilities or 
(ii) a violation of the assumptions of Poincare invariancc, locality and weak coupling. Either way, 
a consistent description in terms of a weakly coupled massive spin-2 field h^ v is excluded. In this 
sense, decomposing the massive spin-2 into its helicities has a big advantage compared to previous 
methods. It enables one to not only count degrees of freedom, but gives a direct test whether they 
can be grouped into a massive spin-2 particle. 

This work will therefore elucidate aspects of the ongoing debate by explicitly showing that 
no nonlinear extension of Fierz-Pauli theory with an Einstcinian derivative structure is free of 
inconsistencies. Two interpretations are possible. The first is that the theory contains ghosts, which 
must be addressed in any analysis of viability. One has to introduce additional degrees of freedom 
that cure the ultraviolet (UV) regime, or ensure that the ghost degrees of freedom are otherwise 
shielded. Note here that we are not interested in the position of ghost poles, but are simply looking 
for the mere appearance of pathological degrees of freedom. The second interpretation, possibly 
applicable to [11], is that the weakly coupled degrees of freedom cannot be attributed to a massive 
spin-2 Poincare representation or the theory exhibits strong coupling already in the infrared. 

However, an Einsteinian derivative structure is not preferred when considering general theories 
of massive spin-2 fields. For to = it is known that Poincare invariance, locality and unitarity 
alone pin down general relativity as the unique theory of self-interactions [14, 15]. For to 7^ 
these arguments cannot be generalized. Henceforth, we will construct a ghost-free cubic theory of 
a massive spin-2 field by only requiring the self-interactions to be Lorentz-invariant and to involve 
at most two derivatives. A priori, all coupling parameters are arbitrary and can be adjusted model 
dependently. We will exploit this freedom in parameters to eliminate possible ghost-like instabilities 
and extra DOFs and prove that the constructed action is a valid theory of a weakly coupled massive 
spin-2 particle. 

Our paper is organized as follows. In section 2, we review the theory of a free massive spin-2 
particle due to Fierz and Pauli [1] and explain how it can be understood in terms of helicity degrees 
of freedom, whose mixing is governed by the mass of the particle. We will further explain why a 
decomposition into helicities as kinetic eigenstates is necessarily linear. 

We apply the helicity decomposition to the class of theories whose derivative interactions are 
governed by Einstcinian vertices in section 3. We demonstrate that inconsistencies inevitably ap- 
pear on the cubic level, even when allowing for additional arbitrary nonderivative interactions. 
Furthermore we discuss recent claims [8, 11] in the literature regarding the eligibility of such a 
theory 



Finally, in section 4, we construct a two-parameter family of cubic interactions which manifestly 
describe the ghost-free theory of a self-interacting massive spin-2 particle. This two-parameter 
family does not contain the cubic part of the Einstein-Hilbcrt action and is therefore not a likely 
candidate for a massive version of gravity. 

2 Fierz-Pauli 

2.1 Action 

The following set of conditions must hold for any theory subject to this work: 

[a]. It must be a Poincare invariant theory of a single massive spin-2 field on a flat Minkowiski 
background. That is, the field lives in the irreducible Poincare representation labeled by the 
Casimir operators mass m ^ and spin s = 2. 

[b] . It must be local, that is it can be understood in terms of polynomial interactions of the spin-2 
field. 

[c]. It must be weakly coupled in at least a finite momentum range m 2 « i; 2 < A 2 , with an EFT 
cutoff A. In other words, C n <C £ n _i, where C n describes the n-th power interactions of h^ w . 
Note here that from now on energies and momenta are to be understood to lie beneath the 
cutoff. 

In particular, [c] allows us to limit the analysis to cubic self-interactions, as the possibility of 
removing a ghost by addition of higher order terms is explicitly excluded. As will be seen, this is 
sufficient to rule out an Einsteinian derivative structure for the tri-/i-vertex. 

We denote the massive spin-2 particle by a symmetric rank-2 tensor /i M „. The free part of any 
viable action is uniquely fixed to take on the form [1] 

£ PF = h^Efchpa - \m 2 (J^V - h2 ) > (2- 1 ) 

where £?° is the linearized Einstein operator, defined by 



EjZhpoS b (W -8afl( ( ,/C)+W-5V [] '> • (2-2) 



The equation of motion for h^ v becomes 

SjZh p(T -m 2 (h fiV -hri liV ) = . (2.3) 

By virtue of the Bianchi identities, acting upon the equation of motion with the operators d^ and 
2V nv + m 2 " ' res P ec tively, yields five constraint equations: 

d^K = d v h , (2.4) 

h = . (2.5) 

Hence five of the ten components of h^ v are propagating. If departing from the Fierz-Pauli mass 
term, eq.(2.5) changes to become an equation of motion for the trace h, turning it into a propagating 
degree of freedom. Depending on the relative factor between Wh^ and h 2 , the sixth degree of 
freedom h is either tachyonic or ghost-like. 

Note another way of counting the degrees of freedom encoded in eq.(2.1): In terms of com- 
ponents of h^i,, the exact structure (2.1) uniquely ensures that hoo appears linearly in the action, 
while hoi appears without time derivatives. One hence has four non-propagating components of 
which one acts as a Lagrange multiplier, reducing the number of degrees of freedom to five. De- 
parting from the Fierz-Pauli mass term introduces nonlinearities in hoo. One loses the constraint 
which fixed the spatial trace ha to zero, again resulting in a tachyonic or ghost-like sixth degree of 
freedom. 



2.2 Helicities 

As discussed above, counting degrees of freedom in terms of /i M „ requires an analysis of constraint 
equations. This, while in principle possible, can become quite cumbersome when taking interactions 
into account. There is, however, a formalism which allows us to straightforwardly see if a given 
theory is a valid theory of a weakly coupled massive spin-2 particle. 

For high momenta, the irreducible massive spin-2 representation of the Poincare group effec- 
tively decomposes into its hclicity-2, helicity-1 and hclicity-0 parts. In other words, for k 2 ^> m 2 
the massive representation may be reduced to a direct sum of the massless helicity-representations. 
All relevant physics is encoded in helicity cigenstates. In particular, short time-scale instabilities, 
i.e. ghosts, can be seen directly on the helicities. We stress that the combination of these properties 
gives us an immensely powerful tool to analyze any theory of massive gravity described as a rank-2 
tensor. It is not only sensitive to the correct number of degrees of freedom, but also to the question 
whether these degrees of freedom are grouped into a massive spin-2. In summary, inconsistencies 
seen in the theory in terms of helicities can have the following origins: 

[i]. The theory contains ghosts. 

[ii]. There is no weak coupling regime for k 2 3> m 2 , i.e. [c] is violated. 

[iii] . The weakly coupled degrees of freedom cannot be grouped to form a massive spin-2 particle 
(cf.[a]). This happens explicitly for example in Lorcntz violating theories. 

[iv] . Additional degrees of freedom are required to enter the theory at some scale (cf. [a] ) or the 
theory is shielded otherwise. 

[v]. The theory is nonlocal (cf. [b]). 

As we will elaborate on in Section 3, this enables us to show that the nonlinear theory of [11], while 
possessing the correct number of degrees of freedom, cannot describe a weakly coupled massive 
spin-2 field. It falls into at least one of the above categories. 

To change into the helicity basis, one decomposes h^ u into a sum of another tensor h^ u , a 
vector Afj, and a scalar \- These fields describe the correct helicities when coefficients are adjusted 
s.t. the kinetic term diagonalizcs. In that case, the mixing of the different polarizations of /i M „ 
manifests itself solely through terms proportional to m. For high momenta, these mixing terms 
become irrelevant and the helicities become independent degrees of freedom. 

Let us elaborate on the reasons for the decomposition to be linear in helicities. First, the 
helicity basis is defined via the requirement that the kinetic operator is diagonal; helicities are 
kinetic eigenstates. However, the kinetic operator of h^ u will only be diagonal in terms of helicities 
if there is a linear relation. Second, we can understand any field theory in terms of propagators 
and vertices of the considered fields, in this case h^. A decomposition which allows direct probing 
of instabilities in the relevant degrees of freedom should not interfere with this statement; the 
propagator and vertices of /i M „ should directly correspond to the propagators and vertices of the 
helicities. This allows only for linear decompositions, as can be seen very clearly when taking 
the coupling to external sources into account. The same argument holds for asymptotic states in 
scattering experiments. Observation or probing of /i M „ at high energies should be equivalent to 
observation of individual helicities; an asymptotic state of h^s must not differ from an asymptotic 
state prepared in terms of helicities. This is only the case if the helicities are contained linearly 
in h^ v . Finally, we emphasize that the requirement of weak coupling forbids nonlincarities in the 
fields A and \ m t ne decomposition. This would introduce ambiguities between different orders of 
h^ which are not consistent with a weak field approximation. There will be further comments on 
this point in Section 3.3. 



The decomposition takes on the following form [16]: 



hpv = h^v H h - + -t^x i (2-6) 
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where h^ describes the helicity-2, A^ the helicity-1 and \ the hclicity-0 part of the massive spin-2 
Poincare representation. As discussed above, the power of the decomposition (2.6) can be seen 
explicitly when inserted into the quadratic action (2.1), 

+ l m \h + m(hd ll A^-h' xv d^A v ) + r ^xd^ . (2.7) 

For k 2 3> m 2 , the action diagonalizes. The individual kinetic terms for hp V and A^ correspond 
to masslcss linearized Einstein and Maxwell theory, respectively. Thus, in this limit, /i M „ carries 
precisely the two helicity-2 DOFs, A^ the two helicity-1 DOFs and x the single helicity-0 component. 
Note that requiring the diagonalization of the kinetic term fixes the relative factor of 1/2 
between the x-terms in (2.6). Similarly, the factors of m in (2.6) normalize the kinetic terms. The 
coefficient of the kinetic term for x is determined by the coupling of hp V to sources: J d 4 xT^h^. 
The propagator of hp, v between two conserved sources T^ v and Tp, v is given by 

rpp,u n per _ rpnv {jlp.p'Hva + V^laVvp ~ sVtivVpaJ pa 

-*■ U ill>,p<tT ^ 9 9 ^~ 

p z — m z 



w W 1 )"' + V^p 2 r l^ r IP' y ) pa .rppv^Jh-vVpcr 

p 2 — m 2 6 p 2 



jim/ VIWIM i 'IHQ'lvp 2'1^'WO) r pa . rp^v i <lpv<\pa T pa (2%\ 



The first term corresponds to the helicity-2 state. The second term is an additional interaction 
from the extra scalar DOF and fixes the overall normalization of x m our helicity decomposition. 
By considering non-conserved sources one can accordingly fix the normalization of A^ in (2.6). 

As a side remark, note that h^ is invariant under the following set of simultaneous gauge 
transformations: 

r)fj. v mA , 



rlfiis 


-> 


hfu 


■ + d { ^ u 


' + 2 


Ap 


-* 


Ap 


+ d^A~ 


■m^P 


X 


-> 


x- 


-3mA . 





(2.9) 

These redundancies are expected, as only ten out of 15 components on the right hand side of eq.(2.6) 
are fixed. Both sides will in the end describe a maximum of ten degrees of freedom. Also note here 
again that by construction the validity of the decomposition is limited to a theory of a weakly 
coupled massive spin-2 particle. If hp, v is used to describe different degrees of freedom, eq.(2.6) is 
no longer guaranteed to capture the correct physics. This is consistent with the group theoretical 
arguments outlined above. 

3 Einsteinian interactions 

3.1 Cubic Vertex and Ghosts 

As a first application of our method we consider the question of the appearance of a sixth graviton 
polarization, commonly referred to as the Boulware-Deser ghost [5], in nonlinear extensions of 
massive gravity. In this context it is assumed that the derivative structure of the nonlinear theory 



must correspond to an expansion of the Ricci scalar. One further allows for an addition of arbitrary 
nonderivative self-interactions, leading to an action 

S = 2Mpfd 4 x^^R + S nondcl [h^] , (3.1) 

with g^ v = rj^ v + h^ u and Sender \h>iui\ contains all nonderivative interactions. Boulware and 
Deser argued that the appearance of an additional sixth polarization as a nonlinear ghost mode is 
inevitable. However, recent works [8, 11] claim to have found a flaw in the original argument which 
allows for an extinction of the ghost under certain conditions. We will elaborate on this in Section 
3.3. 

In this section, we will show that if conditions [a]-[c] are to be fulfilled by the theory, inconsis- 
tencies cannot be avoided. 

As discussed above, we have two advantages at hand which greatly simplify the arguments. 
Due to the assumption of weak coupling, it is sufficient to only consider cubic interactions. Further, 
we may work in a helicity basis. At high energies, or cquivalently short time scales (relevant for the 
investigation of ghost instabilities), the spin-2 field h^ v decomposes into its helicity components, h^u, 
A^ and x- These states also couple to external sources and can thus be excited on the linear level. 
Any inconsistencies found in terms of these fields inevitably satisfy one of the criteria [i]-[v]. We 
will see that for the cubic order Einsteinian theory A^ and x always appear with higher derivatives 
in their equation of motion, either indicating ghost-like instabilities on general backgrounds or 
signaling a departure from a valid massive spin-2 description of the theory. 

Expanding eq.(3.1) to cubic order yields the interaction Lagrangian 



£(3) = TT [{- A h^d a h^d p h^ - -h^dvhdph + h^Ophd^ - h^d a hd c 



kn 



+^hd tl h& t h - h^dah^dpht ~ h^d v h^dphi + \w^ v d a K 
+\h^d a h^dphi ~ ±hd a hd p h afj + \h^d a K P d p h« + ^dph ua d^h; 

-\hd a h^d»h» a - ^hd a h^d a h^} + m a (kihZh v p h' + k 2 hh^ + hh 3 )] , (3.2) 

where ki,k 2 ,k3 are free parameters. Inserting the decomposition (2.6), one immediately encoun- 
ters higher derivative terms in the x and A^ sectors. Operators appearing with seven and eight 
derivatives are boundary terms and can be disregarded. The terms with the highest derivative 
contribution to the equations of motion (EOM) are cubic in x, i- e - self-interactions of the helicity-0 
modes, and are suppressed by the scale A| = rn^Mp. This is the lowest scale in the theory and 
constitutes the EFT cutoff. These interactions are the first ones to become strong at high energies 
and are thus the most important ones for the stability analysis. By taking the limit Mp — > oo 
and m — ¥ while keeping A5 fixed, the so-called decoupling limit, one can focus only on the x 
self-interactions at that scale. The resulting Lagrangian takes the form 



•£<dcc — MdnlfylU'! A^, X) + 



432A| 



(2 + 8fci + 16fc 2 + 32fc 3 )(Dx) s 



-(2 - 24fc x - i6k 2 )xa x a 2 x + (1 - 12Ai - 8fc 2 )x 2 D 3 X 



(3.3) 



where £kin contains the kinetic terms of all helicitics. 

One can use the freedom in the parameters k\ , k 2 , fc 3 to eliminate the higher derivatives on the 
EOM of x- The required relations are 

1 + 4fci + 8fc 2 + 16fc 3 = 

1 - 12fci -8k 2 = . (3.4) 



Consequently, all interactions suppressed by the scale A5 vanish. Subsequently, the lowest scale is 
A| = m 3 Mp. We again focus on the leading remaining interactions by taking another decoupling 
limit: m — > 0, Mp — > 00 and A4 fixed. The Lagrangian is given by 



c 



dcc4 



c 



kin 



[h^, 



A, 



X 



1 



36A| 



A^d^x^duX + \d li A»d p d vX d p d v X 



(3.5) 



The higher derivative interactions present on the EOM do not depend on the remaining free param- 
eter k\. One must conclude that the interactions given by the Lagrangian (3.2) lead to instabilities 
in the helicity components of the theory and should be discarded as a possible theory for a weakly 
coupled spin-2 particle. While the free theory on Minkowski is perfectly fine and understandable 
in terms of irreducible representations of the Poincare group, adding interactions appears to induce 
additional DOFs. This confirms also the results of [13]. 

3.2 Raising the Cutoff 

Our method reveals a further peculiarity of the theory (3.1). Previous works [6, 8] were seemingly 
able to completely remove the strong coupling scale A5 from the action, leaving a theory with an 
apparent EFT cutoff at A3. In terms of helicitics, however, we can see that any theory of the form 
(3.1) will still contain the scale A5. 

Note first that on the quartic level, a generic Einsteinian operator d 2 h 4 /Mp will contain maxi- 
mum derivative contributions d 10 x 4 , which are suppressed by the scale Ag° (cf. eq.(2.6)). However, 
a nondcrivative term h can at best produce d s x i operators, which cannot cancel ten-derivative 
contributions; A5 will inevitably appear in quartic interactions. 

Explicit computation of the expansion of ^/—gR confirms the presence of nontrivial operators 
suppressed by A5. After eliminating cubic terms by choosing coefficients according to (3.4), cor- 
responding to those found in [8], the full decoupling limit Lagrangian of a general theory (3.1) 
reads 



£dcc — -£kin(^i/,^,X) + r R4A10^ 



d^uxid^uxf - 2d„{d x d a d P x) 2 ~ 2d°d p d„ x ad a d P x} 



+Ad x d a d p d vX d p d v d tJ ,xd»d x d°x ~ {d p d v d pX Y^X + (d v U x YU 2 x 



(3.6) 



There is no freedom to eliminate the quartic terms. Any action (3.1) of a weakly coupled massive 
spin-2 field, will, as understood in helicities, contain the scale A 5 . 



3.3 Discussion 

This section provides a discussion of the results found above, in particular in context with previous 
works. Let us first comment on the analysis of [8]. It is not straightforward to compare the 
two results. An action constructed in terms of Stiickclbcrg tensors H^^^^A^,^) and H^ = 
g^Pg va H pa , will, even to the second order in H pui contain infinite powers of h pv . Therefore there 
is no simple relation of the degrees of freedom. However, we may be able to elucidate some of the 
aspects by considering a Stiickclbcrg trick of the traditional form 



^nu ">ilv 



1 



L 



mA, 



in 



d(^) 



E d»W 



/(' 



M^i SM 



£, 



(3.7) 



hfi V is invariant 



where / contains all mixing between h pv and £^. Note that £ M is to transform s.t 
under general coordinate transformations on h pu . Inserting (3.7) into the action (3.2) with coeffi- 
cients (3.4) removes the strong coupling scale A5 from the action and renders the Lagrangian (3.6) 



into that of a free field. In this sense 4> can be compared to the scalar mode of [8] . One might think 
that this gives us a straightforward way to relate the fields x an d </> by a nonlinear field redefinition. 
Equating (2.6) and (3.7) indeed yields the relation 

vv>x = W + Jr (dtd^r* - u d f^2 /2 d ") d ^ dPda A • ( 3 - 8 ) 

One can define a redefinition by taking the trace of (3.8). Unfortunately, this relation contains 
several puzzles. Its traceless part yields a set of conditions on <f>. The resulting theory, albeit 
seemingly that of a free field, has a corresponding space of solutions which is limited by these 
conditions and in fact contains interactions. Furthermore, the form of (3.8) suggests that it is not 
invertiblc. 

Regardless of these issues, there is another problem with the nonlinear decomposition (3.7). 
A theory describing a weakly coupled massive spin-2 field should have a well-defined pcrturbativc 
expansion in terms of h^. Terms of order h are by definition less important than terms of order 
h 3 and hence cannot be used to cure ghost instabilities at third order. Otherwise the requirement 
of weak coupling of all DOFs is violated by at least one of the DOFs. However, a nonlinear 
decomposition invalidates this requirement. Terms of second order in h^ will introduce terms of 
up to fourth order in the helicity-1 and -0 fields which can then be canceled by helicity operators 
introduced in the third and fourth order in h^ v . This appears to be the case in [6] when raising the 
effective field theory cutoff to A3, as well as in [8] when eliminating higher derivative interactions. 

The approach of [8] was extended to the full nonlinear level in [10] , where a family of poten- 
tially ghost-free nonlinear extensions of the Fierz-Pauli mass term was suggested. Without loss of 
generality, we consider a subclass further studied in [11]. For a flat auxiliary metric the Lagrangian 
is given by 

C = -Mp / d 4 xy/^g~ R + 2m 2 Try / g-h 1 - 6m 2 . (3.9) 

When expanded around Minkowski, (3.9) reproduces the decoupling limit for the scalar mode as 
considered in [8]. Following a procedure proposed in [10], the authors of [11] employed an ADM 
decomposition [17] of the dynamical metric g^ v to find that on the full non-linear level the theory 
describes five dynamical DOFs. The crucial difference to the analysis of Boulware and Deser [5] is 
that DOFs are explicitly counted on the constraint surface. After integrating out the shift iVj, the 
lapse N is again found to be a Lagrange multiplier. While this procedure appears to be legitimate 
for the setup considered in [11], it might run into trouble when considering coupling to matter 1 . 
Choosing the coupling equivalent to general relativity does not increase the number of degrees 
of freedom. However, it seems that such a choice is not protected and by EFT reasoning other 
operators should be included. 

There are further issues that have yet to be addressed in an analysis of (3.9). Expanding the 
action in terms of a weakly coupled massive spin-2 field h^ reveals, as shown above, inconsistencies. 
Either, there seems to be no weak coupling regime m 2 < i; 2 < A 2 , or the degrees of freedom cannot 
be understood as a massive spin-2 representation of Poincare. Understanding this will require 
further investigation. 

Finally, we point to another unusual property of (3.9). It contains an auxiliary Minkowski 
metric without dynamics. While this might be unproblematic in terms of a field theory on a fixed 
Minkowski background, it cannot be straightforwardly generalized to nonflat backgrounds. Whether 
this problem is related to the points above is an interesting question. 



x We thank L. Alberte for pointing this out. 



4 General Cubic Interactions 

We have now understood that an Einsteinian derivative structure for the cubic theory results in 
inconsistent interactions of helicities. One can wonder whether relaxing restrictions on the derivative 
interactions can lead to an interacting cubic order theory of h^ y which does not encounter this 
problem. We will construct such a Lagrangian in this section. To our knowledge, this is the first 
time such an action with derivative interactions has been presented in the literature. Our starting 
point consists of the most general cubic interaction Lagrangian which is Lorentz-invariant and 
includes at most two derivatives. It reads 

£ = £fp + £ (3) , (4.1) 

where £pp is defined according to (2.1) and, up to boundary terms, 

C i3) = hh^dah^dph^ + k 2 h aP d a hd p h + k^dphd^ + k i h tMJ d a hd a h tlu + k^hd^hd^h 
+k 6 h^d a h«d p hP + hrh^duh^dphi + kshd^daK + k 9 h^d a h^d p hi 
+k w hd a hd h afj + kuh' MV d a K d fi hl + ki a hT d^h ua d^ h™ + k 13 hd a h f , L ,d u h> ia 
+k u hd a h^d a h^ + k 15 h£h;hP^ + hehh^h^ + k 17 h 3 . (4.2) 

The coefficients fcj are free parameters which will be adjusted in such a way that the interacting 
theory remains ghost-free and propagates only five degrees of freedom. To prevent the appearance 
of additional degrees of freedom in the theory, one limits the allowed number of time derivatives 
acting on helicities in the equations of motions to two. We proceed as follows: By inserting the 
decomposition (2.6) into the Lagrangian (4.1), we derive the EOM for the individual helicity cigen- 
states, A^ and x, and check for higher time derivatives on the fields. Then, by exploiting the 
freedom in parameter space we try to gradually eliminate these terms. The advantage of working 
directly on the EOM is that all higher derivative terms appearing are relevant, as boundary terms 
do not contribute. The details of our calculation can be found in the Appendix. The constraint of 
allowing only for at most two time-derivatives on the EOM determines all coefficients in terms of 
k\ and fcis and gives the following cubic Lagrangian 

£( 3 ) = k x {h afi d a h^dph^ - h a(i d a hd & h + 4h a0 dphd^ - 2h^d a hd a h iiv + hd^hd^h 

-Wd a h«dphl - ih^dvhffihi + zhd^d a K + 2h^d a h^d fs hP a 

-2hd a hdfih af} + h^d a h^d f3 h^ + 2h^d h va d h^ - hd a h^ u d v h^ a - hd a h^d a h^) 
+ Ife 15 (2^^^ -Shh^h^ + h 3 ) . (4.3) 

That this theory still propagates the right number of degrees of freedom can also be easily seen 
by counting the number of constraints for /i M „. As explained in section 2, in Fierz-Pauli five 
constraints for h^ u reduce the number of DOFs to five. For the Lagrangian (4.3), these constraints 
are preserved: hgi is still non-dynamical and can be solved for algebraically, yielding 3 constraints 
on h^ u . Furthermore, hao still appears as a Lagrange multiplier in (4.3) and accordingly eliminates 
another two DOFs. 

Eq.(4.3) is to be understood as an effective action with a cutoff given by the lower of m(m/kic > ) 1 ^ 3 
and m(TOfci) -1 ' 3 . In order for the theory to be a useful description, the cutoff should be larger than 
m, implying the following hierarchy for the parameters involved: fcis <C m <C k^ . 

Of course we have only proven the absence of ghosts. As any cubic theory, (4.3) will still contain 
tachyonic instabilities. One may however easily extend our formalism to higher orders. 



5 Conclusions 

The aim of this work was to investigate the consistency of nonlinear extensions of Fierz-Pauli 
theory on a Minkowski background. In contrast to previous works [6, 8], no attention was paid to 
restoration of general covariance. Instead we made direct use of the isometries of the flat background 
and worked in terms of irreducible representations of the Poincare group. In addition, the only 
requirements were locality and weak coupling, s.t. the theory could be understood as polynomial 
interactions of the field h^. Any theory meeting these requirements is inevitably subject to our 
results. 

Our set of prerequisites allowed us to greatly reduce the complexity of the analysis. A weakly 
coupled theory can, for sufficiently weak fields, be understood in terms of its lowest order interaction, 
which enabled us to focus solely on the cubic action. Further, we made use of the fact that for 
high momenta, the massive spin-2 representation decomposes into a direct sum of helicity-2, -1 and 
-0 representations and all physical information is contained in hclicity eigcnstates. Finally, weak 
coupling, amongst other things, requires the decomposition to be linear, as this excludes mixing 
between different order interactions. 

We first applied this formalism to a massive gravity theory with derivative interactions governed 
by the expanded Ricci scalar. Despite allowing the addition of nonderivative interactions, we found 
higher derivative operators already on the cubic level. Furthermore, we demonstrated that in the 
same class of theories, the scale A| = m A Mp cannot be fully eliminated from the action when 
taking quartic interactions into account. 

Our result only allows for two conclusions. Either the theory violates the prerequisites, i.e. 
the DOFs are not a massive spin-2 particle, they are not weakly coupled or the theory is nonlocal, 
or there are additional ghost degrees of freedom present. The former interpretation in particular 
applies to the class of models introduced in [11], since the authors were able to prove the absence 
of an additional sixth degree of freedom on the full nonlinear action. It is an interesting question 
what these theories really describe. First hints may be drawn from the fact that a nondynamical 
auxiliary metric is necessarily introduced into the action. Allowing for dynamics of this auxiliary 
field, albeit introducing additional degrees of freedom, may in the end provide valuable insight into 
this class of models. 

Finally, we applied our formalism to the most general cubic Lagrangian for the field h^ v . We 
showed that one can tune all interactions in such a way that a manifestly ghost-free two-parameter 
family of theories of a massive spin-2 field is found. This could be seen both in terms of helicities 
and in terms of components of h^ v . A Dirac constraint analysis revealed the same set of conditions 
as in linear Fierz-Pauli theory. A possible phenomenological application of this action has to be 
analyzed in more detail. Since the derivative structure differs from the Einstcinian cubic vertex, it is 
highly doubtful that it can be applied to the problem of giving a mass to the graviton. Furthermore, 
it still encounters the problem of tachyonic instabilities, as any cubic theory. One may however 
easily extend our analysis to higher order interactions and this way be able construct manifestly 
stable theories of a self-interacting massive spin-2 field. 
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A Appendix 

Within this appendix, we present the computation leading to the Lagrangian (4.3). Starting from 
the interaction Lagrangian (4.2), we first derive the equations of motion for the helicity-0 component 
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X and subsequently eliminate higher time derivatives. Eradicating \D 2 x0 2 x, Dxl— ' 3 X, d^Oxd^O^x 
and n%D 2 x fixes four coefficients: 

2fcio - fa - fa + fa + 2fa - k 6 + k-; + 2fa + k 9 = , (A.l) 

ki3 + ku + k 5 + fa + - (fa + fa-fa- 2fa + k 6 -k 7 - 2fa - fa) = , (A.2) 

fci + fcn + fci 2 + k 2 + fa + fa + fa + fa + fa = , (A.3) 

8fci 6 + 24/ci 7 + (8&i - fc 2 - 7/c 3 + 3fc 4 - 18fc 5 - 13fc 6 + 17fc 7 + 18fc 8 + 9fc 9 ) m 2 = . (A.4) 

We proceed with eliminating terms such as d^Oxd^Dx, X^ 2 X 

6fci5+4fci 6 - (2fa + Ufa + 5fa + 3fa - fa + 2fa) m 2 = , (A.5) 

-2fci + fc 3 + 2fa + 2fa - 'ifa - 2fa - 2fa = . (A.6) 

Next, we consider the EOM for the vector A» . Eliminating d ll A^D 2 A a , d a A fl D 2 A ll , DAaDd^A^, 
DA^DdaA^ and DA^Od^Aa sets five coefficients: 

2&i + 2fcj 3 + 2fa + k 3 - 2fa - 2fa + fa = , (A.7) 

2fa + 3fc 3 + 2fa + 2fa + 2fa - fa - 2fa = , (A.8) 

2fa - 2fa - 2fa + fa = , (A.9) 

2fa + fa + 2(fa + fa) = , (A.10) 

fc u + 2& 2 + fc 3 + fte = ° ■ ( A - n ) 

Reverting to mixed interactions, the EOM for x contains terms such as Oh0 2 x, d 2 hDx, d^d^^O^h^v 
and d^x^Oh requiring 

-fa+kn+Afa + fa = , (A.12) 

4fa + 2fa + 2fa = , (A. 13) 

fa + fa = , (A.14) 

4fc!-fc 3 = . (A. 15) 

This leaves the Lagrangian (4.3), whose corresponding equations of motion arc free of higher time 
derivatives. 
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